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A RIGIDITY THEOREM FOR SURFACES IN SCHWARZSCHILD
MANIFOLD
PO-NING CHEN AND XIANGWEN ZHANG
Abstract. In this article, we prove a rigidity theorem for isometric embeddings into
the Schwarzschild manifold, by using the variational formula of quasi-local mass.
The classical Weyl problem asks whether any smooth metric on a two dimensional
sphere with positive Gauss curvature admits a smooth isometric embedding into the three
dimensional Euclidean space R3. The problem was solved by Nirenberg in his landmark
paper [22]. A closely related important question is about the rigidity (or uniqueness) of
such global isometric embeddings. Recall that a surface in R3 is called rigid if any other
isometric surface is the same up to a rigid motion of R3. In 1927, Cohn-Vossen proved the
following well-known rigidity theorem.
Theorem (Cohn-Vossen [6]). Let Σ and Σ′ be two closed convex surfaces in R3. Suppose
Σ′ and Σ are isometric. Then, Σ and Σ′ are the same up to a motion or a motion and a
reflection.
The Weyl problem has been studied intensively with various generalizations, because
it plays a fundamental role in convex and differential geometry and also has important
applications in the definition of quasi-local mass in general relativity, see for example,
[3, 4, 8, 9, 13, 15, 16, 17, 18, 19, 20, 26, 27, 28]. Meanwhile, the rigidity theorem of
Cohn-Vossen was also extended to more general settings [5, 7, 10, 14, 23, 24, 25].
The purpose of the present paper is to extend Cohn-Vossen’s theorem to closed convex
surfaces in a Schwarzschild manifold. Recall that Schwarzschild manifold is a rotationally
symmetric space (M,g) with
g = V¯ −2dr2 + r2 dS2,
where V¯ =
√
1− 2m
r
is the static potential with r > 2m and dS2 is the standard metric
on the sphere. The boundary at r = 2m is a minimal surface called the horizon.
Theorem 1. Let Σ and Σ′ be closed strictly convex surfaces enclosing the horizon in
(M,g). Suppose Σ′ and Σ are isometric and have the same mean curvature. Further, we
assume that Ric(ν, ν) ≤ 0 on Σ where ν is the normal vector of Σ. Then Σ and Σ′ are
the same up to an isometry of the Schwarzschild manifold.
In comparison with the Cohn-Vossen theorem in Euclidean space or its generalization
in space forms [7, 10, 25], an extra condition on the mean curvature of the isometric
surfaces is imposed. Indeed, this condition is necessary due to the small isometry group
of Schwarzschild space. It was observed in [16] that, in the Schwarzschild manifold, the r
1
radius sphere is not rigid. Namely, there exists some smooth perturbation convex body
isometric to the r sphere but their second fundamental forms are different.
On the other hand, there are two natural motivations to impose the condition on mean
curvature. The first motivation is the Alexandrov’s uniqueness theorem [1, 2, 5, 12, 11]
which states that a closed strictly convex twice differentiable surface is uniquely determined
to within a parallel translation by the given mean curvature. More precisely, consider two
strictly convex surfaces Σ and Σ′ in R3, with mean curvatures H and H ′ respectively.
Using the Gauss map, we can view both H and H ′ as functions defined on the sphere.
The uniqueness theorem says if H = H ′, then Σ and Σ′ are the same up to a linear
transformation. Theorem 1 can be viewed as an extension of Alexandrov’s theorem from
the point that, instead of using Gauss maps, we identify two surfaces in Schwarzschild
space by isometric map.
Our second motivation to study such a Cohn-Vossen type rigidity theorem arising from
the study of the weighted quasi-local Penrose inequality in [21]. The quasi-local Penrose
inequality gives a lower bound for the quasi-local mass with reference in the Schwarzschild
manifold in terms of the area of the enclosed minimal surface. In particular, let Σ be a
convex surface with Ric(ν, ν) ≤ 0 and encloses the horizon in a Schwarzschild manifoldM ,
and Σ′ be an isometric and mean convex surface enclosing the horizon in M . The result
in [21] implies that
∫
Σ V (H − H
′) ≥ 0 where V is the restriction of the static potential
V¯ to Σ; H and H ′ are the mean curvatures of Σ and Σ′, respectively. Moreover, if the
equality holds (further discussions on the equality case can also be found in [26]), then
H = H ′.
Therefore, it is a natural problem to further investigate the rigidity of the isometric surfaces
with the same mean curvature.
Unlike the pure PDE method used to prove the Alexandrov’s uniqueness theorem (see
for example [11, 12]), we obtain the rigidity result by exploiting the positivity of the
quasi-local mass. We will first compute a formula for the variation of the quasi-local mass
with reference in a Schwarzschild manifold and then combine the formula with the quasi-
local Penrose inequality. It might be worth to point out that the variational formula of
quasi-local mass given in Lemma 2 may have other applications.
Throughout the paper, we assume that m > 0 since m = 0 is simply the flat Euclidean
space. Denote the covariant derivative of the Schwarzschild manifold by D and the Ricci
curvature of the Schwarzschild manifold by Rij . The static equation reads
DiDj V¯ = RijV¯ .
Given a surface Σ in M , we denote the covariant derivative and Laplace operator of
the induced metric on Σ by ∇ and ∆, respectively. Again, we use V to denote the static
potential V¯ restricted to the surface Σ. Furthermore, let H and hab be the mean curvature
and second fundamental form of Σ. We have
∆V = −RννV −Hν(V¯ )
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where ν is the outward unit normal of Σ.
First, we describe the general setup for the computation of the variation of the quasi-
local mass. Suppose Σ and Σ′ are isometric surfaces in M with the same mean curvature.
We identify functions and tensors on Σ and Σ′ through the pull-back and push-forward of
the surface isometry. Let Σ′(s) be a smooth family of surfaces in M such that
d
ds
Σ′(s)|s=0 = Fν
′, Σ′(0) = Σ′, (1)
where ν ′ is the unit normal of Σ′ and F is any smooth function defined on Σ′. For s small,
suppose Σ(s) is a family of smooth surfaces in M such that
Σ(s) is isometric to Σ′(s), Σ(0) = Σ. (2)
Then, we can define the quasi-local mass
E(s) =
∫
Σ(s)
V (s)(H(s) −H ′(s)) dσ(s),
where H(s) and H ′(s) are the mean curvature of Σ(s) and Σ′(s), respectively and V (s) is
the restriction of the static potential to Σ(s) and dσ(s) is the area element of Σ(s). The
following lemma gives the first variation of the quasi-local mass, which is the one of the
key ingredients in the proof of rigidity.
Lemma 2. Let Σ(s) and Σ′(s) be families of surfaces inM satisfying (1) and (2). Suppose
H(0) = H ′(0) = H. Then, we have
d
ds
∣∣∣∣
s=0
E(s) =
1
2
∫
Σ
F V (0) |h − h′|2 dσ
where hab and h
′
ab be the second fundamental form of Σ and Σ
′, and dσ denotes the area
element on Σ.
Proof. We decompose the variation of Σ(s) into tangential part and normal part to Σ
d
ds
Σ(s)|s=0 = Gν + P (3)
where P is tangent to Σ and G is a function on Σ. Then, it follows from the linearization
of the isometric embedding that
2Fh′ab = 2Ghab +∇aPb +∇bPa. (4)
Taking the trace and using the condition H(0) = H ′(0) = H, we have
F = G+
divP
H
(5)
where divP = ∇apa is the divergence of P with respect to the induced metric on Σ.
Replacing G in the linearized isometric embedding equation (4),
2F (h′ − h)ab = ∇aPb +∇bPa − 2
hab
H
divP. (6)
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On the other hand, with the assumption H(0) = H ′(0) = H, we can compute
d
ds
E(s)|s=0 =
∫
Σ
V (0)
d
ds
∣∣∣∣
s=0
(H(s)−H ′(s)) dσ
Given the perturbations of Σ′ and Σ in (1) and (3), the second variational formula can be
computed as
d
ds
∣∣∣∣
s=0
H(s) =−∆G− (Rνν + |h|
2)G+ P · ∇H
d
ds
∣∣∣∣
s=0
H ′(s) =−∆F − (Rν′ν′ + |h
′|2)F.
It follows that∫
Σ
V (0)
d
ds
∣∣∣∣
s=0
(H(s)−H ′(s)) dσ
=
∫
Σ
V (0)
[
−∆G− (Rνν + |h|
2)G+ P · ∇H +∆F + (Rν′ν′ + |h
′|2)F
]
dσ
=
∫
Σ
V (0)
[
∆
(
divP
H
)
+
(
Rν′ν′ + |h
′|2 −Rνν − |h|
2
)
F + P · ∇H + (Rνν + |h|
2)
divP
H
]
dσ.
To simplify the notation, we will denote V (0) by V in the rest computation. Using the
Gauss equation, we have
K =−Rνν +
1
2
(H2 − |h|2)
K ′ =−Rν′ν′ +
1
2
(H2 − |h′|2).
where K and K ′ denote the Gauss curvature of Σ and Σ′, respectively. Indeed, K = K ′
since the surfaces are isometric. Subtracting the two equations, we get
1
2
(|h′|2 − |h|2) = Rνν −Rν′ν′ .
Recall that
∆V = −Rνν V −Hν(V¯ ).
Using this equation and integration by parts∫
Σ
V ∆
(
divP
H
)
dσ =
∫
Σ
(
−RννV −H ν(V¯ )
) divP
H
dσ.
Putting these computations back to the above variation, we have
d
ds
∣∣∣∣
s=0
E(s) =
∫
Σ
V
2
(|h′|2 − |h|2)F + V P · ∇H +
(
V |h|2
H
− ν(V¯ )
)
divP dσ.
Next, we compute
∇aν(V¯ ) = DaDν V¯ + hab∇
bV = Raν V + hab∇
bV.
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As a result,
d
ds
∣∣∣∣
s=0
E(s) (7)
=
∫
Σ
V
2
(|h′|2 − |h|2)F + V P · ∇H + P a(V Raν + hab∇
bV ) +
V |h|2
H
divP dσ.
On the other hand, we contract (6) with −V hab and integrate∫
Σ
FV h · (h− h′) dσ =
∫
Σ
V |h|2
H
divP − V hab∇
aP b dσ
=
∫
Σ
V |h|2
H
divP + P b∇a(V hab) dσ
=
∫
Σ
V |h|2
H
divP + P b∇aV hab + V P
b∇ahab dσ
=
∫
Σ
V |h|2
H
divP + P b∇aV hab + V P
b∇bH + V P
bRbν dσ,
where the Codazzi equation is used in the last equality. It follows that∫
Σ
FV h · (h− h′) =
∫
Σ
V P · ∇H + P a(V Ric(a, ν) + hab∇
bV ) +
V |h|2
H
divP dσ.
Finally, using this equation to replace the last three terms on the right hand side of (7),
we obtain
d
ds
∣∣∣∣
s=0
E(s) =
∫
Σ
V
2
(|h′|2 − |h|2)F + FV h · (h− h′) dσ
=
1
2
∫
Σ
F V |h− h′|2 dσ.

Using the variational formula, we can now prove Theorem 1. In fact, we can prove a
generalized version which does not require the convexity of the surface Σ′.
Theorem 3. Let Σ be a convex surface enclosing the horizon in the Schwarzschild manifold
(M,g), and Σ′ is also a surface enclosing the horizon in M and is isometric to Σ. Suppose
Σ′ and Σ have the same mean curvature and Ric(ν, ν) ≤ 0 on Σ. Then Σ and Σ′ are the
same up to an isometry of the Schwarzschild manifold.
Proof. We first show that
hab = h
′
ab.
Consider a smooth family of surfaces Σ′(s) in M such that
d
ds
∣∣∣∣
s=0
Σ′(s) = ν ′, Σ′(0) = Σ′.
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From the openness of isometric embedding into warp product space [16], for s sufficiently
small, there exist a smooth family of surfaces Σ(s) isometric to Σ′(s) such that
Σ(0) = Σ
since Σ is strictly convex. We consider the quasi-local mass
E(s) =
∫
Σ(s)
V (s)(H(s) −H ′(s)) dσ(s).
For s sufficiently small, Σ(s) is convex and Σ′(s) is mean convex. As a result,
E(s) ≥ 0
for s sufficiently small by the quasi-local Penrose inequality [21]. On the other hand, the
assumption H(0) = H ′(0) = H implies
E(0) = 0.
We conclude that
d
ds
∣∣∣∣
s=0
E(s) = 0.
From Lemma 2, taking F ≡ 1, it follows that∫
Σ
V |h− h′|2 dσ = 0
and thus
h = h′.
Using the Gauss and the Codazzi equations, it is easy to see that the norm of the Ricci
curvature tensor are the same for isometric surfaces. The Schwarzschild manifold is ro-
tationally symmetric and the norm of the Ricci curvature tensor is a strictly decreasing
function of the radial function r. This implies that the restrictions of r to the two surfaces
are the same, under the identification of the surface isometry. From here, one can use the
rotation in the Schwarzschild manifold to identify the two surfaces.

As the present work neared completion, we were informed that Chunhe Li, Pengzi Miao
and Zhizhang Wang have a work in progress on related results.
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